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Quantum engineering – the design and fabrication of quantum coherent structures –
has emerged as a field in physics with important potential applications. This book
provides a self-contained presentation of the theoretical methods and experimental
results in quantum engineering.
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Preface

It is always risky to combine well-known and well-tested notions in order to describe
something new, since the future usage of such combinations is unpredictable. After
“quantum leaps” were appropriated by the public at large, nobody, except physicists
and some chemists, seems to realize that they are exceedingly small, and that breathless descriptions of quantum leaps in policy, economy, engineering and human
progress in general may actually provide an accurate, if sarcastic, picture of the
reality. When the notion of the “marketplace of ideas” was embraced by academia,
scientists failed to recognize that among other things this means spending 95% of
your resources on marketing instead of research.1 Nevertheless, “quantum engineering” seems a justified and necessary name for the fast-expanding field, which,
in spite of their close relations and common origins, is quite distinct from both
“nanotechnology” and “quantum computing” in scope, approaches and purposes.
Its subject covers the theory, design, fabrication and applications of solid-statebased structures, which can maintain quantum coherence in a controlled way. In a
nutshell, it is about how to build devices out of solid-state qubits, and how they can
be used.
The miniaturization of electronic devices to the point where quantum effects
must be taken into account produced much of the momentum behind nanotechnology, together with the need to better understand and control matter on the
molecular level coming from, e.g., molecular biology and biochemistry (see, e.g.,
Mansoori, 2005, Chapter 1). One also often uses the term “mesoscopic physics”,
especially with respect to solid-state devices, meaning objects on an intermediate scale between truly microscopic (single atoms or small molecules) and truly
macroscopic. Despite their comparatively large size (∼ 1011 −1012 particles), mesoscopic systems maintain enough quantum coherence so that quantum effects really
matter (e.g., Imry, 2002, Chapter 1). The experimental techniques and theoretical
1 See, e.g., Chaize (2001); Menand (2010).
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understanding developed in these fields strongly contributed to the development of
quantum engineering.
Another, very strong push was delivered by quantum computing. After the original papers (Feynman, 1985, 1996; Deutsch, 1985) indicated the direction, i.e., the
essential use of quantum properties of a system for computation, and the discoveries of Shor’s (Ekert and Josza, 1996; Shor, 1997) and Grover’s (Grover, 1997,
2001) algorithms brought the promise of a qualitative change in computing capabilities, the field immediately became the focus of an enormous amount of attention
and funding, which produced some spectacular results at the proof-of-principle
level (and in the related field of quantum communications, including quantum key
distribution, commercial devices are currently available).
The physical side of the research on quantum computing is guided by
DiVincenzo’s criteria (DiVincenzo and Loss, 1998; DiVincenzo, 2000):
(i) A scalable physical system with well-characterized qubits.
(ii) The ability to initialize the state of the qubits to a simple fiducial state, such
as |000....
(iii) Long relevant decoherence times, much longer than the gate operation time.2
(iv) A universal set of quantum gates.
(v) A qubit-specific measurement capability.
Scalability is first for a reason: it is the hardest property to achieve in conjunction
with the requirement for a long enough global decoherence time. Solid-state-based
devices were natural candidates from this point of view, despite the uncomfortably high number of degrees of freedom in both the qubits and the surroundings,
which threatened to make quantum decoherence times in the system uselessly
short. Moreover, this large number of degrees of freedom made such devices
suspect, since their operation as qubits would require the regular production of
“Schrödinger’s cat”-superpositions of macroscopic quantum states, an admittedly
hard task for even a single experiment (Leggett, 1980). Superconducting devices
and quantum dots gave some of the best promise of scalability while holding
the disruption of quantum coherence to an acceptable minimum and satisfying
the rest of DiVincenzo’s criteria. Research results (e.g., Nakamura et al., 1999;
Friedman et al., 2000; van der Wal et al., 2000; Martinis et al., 2002; Vion et al.,
2002; Hayashi et al., 2003; Elzerman et al., 2004; Hanson et al., 2005) justified the
expectations that quantum coherence can be preserved in these structures after all,
and made the kind of experiments only hoped for by Leggett (1980) almost routine.
2 The decoherence time is some characteristic time after which the system loses its specific quantum correlation;

see Section 1.2.2.
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Meanwhile Leggett (2002a) stressed the need to test the limits of quantum
mechanics through realizing truly macroscopic “Schrödinger’s cat” states. He found
special reasons for optimism with the successful development in the field of superconducting qubits (Leggett, 2002b). The operation of such devices on a large enough
scale would either confirm or refute the applicability of quantum mechanics to
arbitrarily large systems, with fundamental consequences for science. Therefore,
putting more and more qubits together while maintaining their quantum coherence
is a worthwhile task. Whether a working code-cracking or database-searching quantum computer is actually built in the process would be, of course, a minor corollary
to such a momentous development.
In this book I concentrate on two directions in quantum engineering, using as
building blocks superconducting qubits and qubits based on a two-dimensional
electron gas (2DEG). The reason is partly subjective – this is where my expertise
is – and partly objective – these two kinds of devices are well understood from
the theoretical point of view and are being successfully fabricated and investigated
by the experimentalists, using the rich toolset of solid-state physics. This allows
me to illustrate the theoretical methods with actual experimental data, more often
than not being in quantitative agreement with theoretical predictions (which is
a must for any kind of “engineering”). Being a theorist, I can only discuss the
theoretical part of the toolset, which helped keep the volume of this book reasonable.
Quantum engineering takes its theoretical tools from many, rather distant, chapters
of theoretical physics, and I restricted the content to the most useful and widely used
techniques. The goal was to provide the reader with enough technical information
to be able to deal with current research papers and to start out on their own work
in this field.
The book can be used as the basis for one-term graduate courses, with the
only prerequisite being the knowledge of basic quantum mechanics and solid-state
physics. The topics can be, for example, “Superconducting qubits” (Chapters 1, 2,
4 and 5); “2DEG quantum devices” (Chapters 1, 3 and 5); “Mesoscopic quantum
transport” (Chapters 1 to 4), and, of course, “Quantum engineering”. The sections
and paragraphs which contain additional material, not essential for understanding
the rest, are marked with asterisks. The bibliography is, of course, not exhaustive,
due to the fast development and already very large volume of research, but I did
my best to include all the key research papers and reviews.
Knocking on wood, I was always lucky with teachers, colleagues and friends.
Most of what is contained in this book I learned from them or with them; it will be
my own fault if I do not convey this knowledge properly. I am greatly indebted to
I. Affleck, M. Amin, S. Ashhab, O. Astafiev, D. Averin, A. Balanov, V. Barzykin,
A. Blais, M. Everitt, A. Golubov, M. Grajcar, E. Il’ichev, M. Jonson, I. Kulik,
F. Kusmartsev, A. Maassen van den Brink, K. Maruyama, H.-G. Meyer, F. Nori,
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A. Omelyanchouk, M. Oshikawa, V. Petrashov, Yu. Pashkin, A. Rakhmanov, S.
Rashkeev, S. Saveliev, R. Shekhter, I. & O. Shendrik, V. Shumeiko, A. Smirnov,
P. Stamp, A.-M. Tremblay, A. Tzalenchuk and J. Young. I deeply regret that A.
Rozhavsky, Z. Ivanov and A. Izmalkov are no longer with us.
I am using this opportunity to thank S. Capelin and G. Hart, who made this
project happen; J. Webley, who with infinite patience copy-edited the book; and all
the Cambridge University Press editorial staff for their help.
I am grateful to R. Simmonds, A. Shane and M. Znidaric for kindly providing
originals of figures from their articles, and to all the authors and publishers for their
generous permission to reproduce the copyrighted material in this book.
Last but not least, I am very grateful to my wife Irina and daughter Ekaterina, for
their support in general, and for putting up with me over the period of writing this
book in particular; and to our cat Tabs for graciously agreeing to sit for Fig. 1.1.
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Quantum mechanics for quantum engineers

Shall I refuse my dinner because I do not fully understand the process of
digestion? No, not if I am satisfied with the result.
O. Heaviside, Electromagnetic Theory, vol. 2, 1899

1.1 Basic notions of quantum mechanics
1.1.1 Quantum axioms
Let us start with a brief recapitulation of quantum mechanics on the “how to” level.
According to the standard lore, the instantaneous state of any quantum system (that
is, everything that can be known about it at a given moment of time) is given by its
wave function (state vector)1 – a complex-valued vector in some abstract Hilbert
space; the nature of this space is determined by the system. All the observables (i.e.,
physical quantities defined for the system and determined by its state – e.g., the
position or momentum of a free particle, the energy of an oscillator) are described
by Hermitian operators defined in the same Hilbert space. All three elements – the
Hilbert space, the state vector, and the set of observables – are necessary to describe
the outcome of any experiment one could perform with the system. Since humans
cannot directly observe the behaviour of quantum objects, these outcomes are also
called measurements, being the result of using some classical apparatus in order to
translate the state of a quantum system into the state of the apparatus, which can
then be read out by the experimentalist. The classical (i.e., non-quantum) nature of
the apparatus is essential, as we shall see in a moment.
In addition, we need to know how the state of the system changes in time, and
how it determines the measured values of the observables. All of the above can be
presented as four textbook “axioms of quantum theory”:
1) The state of a quantum system at time t is described by a normalized2 vector
|ψ(t) belonging to the Hilbert space H, which is specific for the system in
question.
1 A very important generalization of the wave function, the density matrix (statistical operator), will be discussed

in Section 1.2.
2 This is not strictly necessary, but makes the explanations shorter without much loss of generality.
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˙ =
2) [Schrödinger equation] The state evolves with time according to ı|ψ(t)
H |ψ(t), where H , the Hamiltonian, is a Hermitian operator associated with
the energy of the system.
3) [Collapse of the wave function] The measured value of an observable is always
one of the eigenvalues of its operator A, aj ; whatever the state of the system
was before the measurement, immediately after it the state vector of the system
is the corresponding normalized eigenvector of A, |aj  (A|aj  ≡ aj |aj ).
4) [Born’s rule] The probability of measuring a particular eigenvalue, aj , of the
observable A (collapsing the wave function |ψ(t) into a given eigenvector
|aj ) is given by the square modulus of the former’s projection on the latter,

2
pj (t) =  aj |ψ(t) .
The most striking features of these axioms are the special roles played by time
and energy (Hamiltonian) of all the other physical quantities associated with the
quantum system, and the jarring difference between the linear, reversible, unitary
quantum evolution determined by the Schrödinger equation, and the nonlinear,
irreversible, non-unitary measurement process. Indeed, the equation
˙ = H |ψ(t)
ı|ψ(t)

(1.1)

has the solution (in the sufficiently general case of a time-independent Hamiltonian)
|ψ(t) = U (t)|ψ(0); U (t) = e−  H t ,
ı

(1.2)

and for Hermitian H the evolution operator is unitary, U (t)† U (t) = U (t)U (t)† = I
(where I is the identity operator in the Hilbert space of the system). The latter property ensures that the normalization of the state vector is preserved. On the other
hand, after the measurement at moment t we find the system in a state |aj , which
is not related to the state |ψ(t) before the measurement by any reversible transformation (ψ(t) instantaneously collapses to |aj ). The after-collapse state |aj 
could be obtained from any state |ψ(t) as long as |aj  and |ψ(t) are not mutually orthogonal. Taken together, axioms (3) and (4) are often called the projection
postulate: the measurement of the observable A projects the state vector |ψ(t) on
the eigenvectors of A; the square modulus of the projection gives the probability
with which the system is likely to be found in the corresponding eigenstate of A.
The eigenvectors of a Hermitian operator A can be chosen to form a complete
orthonormal basis of the Hilbert space; therefore the sum of squared projections of
the state vector |ψ on the vectors of this basis is, by Parseval’s equality, the square
of the norm of |ψ,


| aj |ψ(t)|2 =
pj .
(1.3)
||ψ(t)||2 = ψ(t)|ψ(t) =
j

j
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Once we have chosen the state vector such that it is normalized to unity, Eq. (1.3)
ensures that the probabilities of finding different outcomes of the measurement of
the observable A sum to one, as they should. The unitarity of the evolution given
by Eq. (1.2) ensures that the probabilities “don’t leak”.
1.1.2 Quantum–classical boundary: the Schrödinger’s cat paradox
This picture does lead to serious questions. First of all, time is very different from
spatial coordinates: it is not an observable, but a parameter, which governs the
evolution of the state vector between the instantaneous “collapses”. Fortunately,
we do not have to deal with it, since our problems are strictly non relativistic. More
pertinent is the question of the nature of “measurement” and “collapse” and their
presumed instantaneity.
Measurement is understood as an interaction of the quantum system with a
macroscopic object (“apparatus”) such that the final state of the latter is determined by the value of the observable aj , and different states of the apparatus are
distinguishable and immutable (i.e., can be observed without perturbation). The
terminology originates from the early days of quantum mechanics. Of course, there
is no need for somebody to actually set up the apparatus; any appropriate macroscopic system will do, and now the tradition forces us to talk about, e.g., the liquid
“measuring” or “observing” the quantum state of a particle travelling through it.
The classical states of the apparatus correlated to the different outcomes of the
measurement are called “pointer states”. (The corresponding eigenstates of the
observable that is being measured we will also call pointer states, where it does
not lead to confusion.) In the Copenhagen interpretation, it is the apparatus that
predetermines what observables can be measured (so called “complementarity with
respect to the means of observation”). In principle, for any classical variable we
should be able to design an apparatus which would measure its quantum counterpart,
an observable.
One problem here is that there exists no well-defined boundary between the
“measured”, or “observed” microscopic system, and the macroscopic “apparatus”
or “observer”. The Copenhagen interpretation of quantum mechanics simply posits
the quantum behaviour for the one, and classical for the other, which is somewhat
circular. What is worse, it does not allow a description of the system and the apparatus within a single formalism, denying us any quantitative description of the process
of measurement. This was not too troubling when dealing with (quantum) electrons
going through double slits in a (classical) screen, since it was obvious which was
which, and the time of the electron’s interaction with the detector can be neglected
compared to all other relevant timescales. It becomes of crucial importance when
the quantum systems we deal with contain huge numbers of elementary particles,
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almost comparable with the number of particles in our “apparatus”, or are being
“measured” continually. How do we describe such a situation in a consistent way?
A natural thing to do is to directly extend the quantum description (as the more
fundamental one) to macroscopic systems. A difficulty of this approach lies in the
fact that only very special states can be measured by a macroscopic apparatus,
while at the quantum level they seem to be no different from all the rest of them.
The situation is highlighted by the famous “Schrödinger’s cat” paradox. Let us put
together a deadly contraption: a tank of poisonous gas with an electrically controlled
valve, connected to a Geiger counter. Put it in a sealed container with a live cat and
a radioactive atom (e.g., 210 Po, which decays into the stable lead-206, 206 Pb, with
the half-life T ≈ 138 days), and wait (Fig. 1.1).
If we had to deal just with the radioactive atom, the description would be simple.
Its wave function can be written as3


 

206
−t/2T 210
−t/T
|ψ(t) = 2
(1.4)
 Po + 1 − 2
 Pb + α particle .
If at any given time we measure (observe) this atom, with the probability 1 − 2−t/T
we’ll find lead-206. But putting the atom in the box with a cat makes things look
bizarre, once we try to describe the cat (and the rest of the contraption) by a wave

Fig. 1.1. Schrödinger’s cat paradox: Should we describe macroscopic systems by
wave functions, and if not, why not?
3 This expression is only valid for not too short and not too long times; see § 5.5.6.
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function. Now the state of the system before the observation will be


 



|ψ(t) = 2−t/2T 210 Po + live cat + 1 − 2−t/T 206 Pb + α particle + dead cat .
(1.5)
We don’t doubt that after opening the box one will find either a live or a dead
cat, with the probabilities 2−t/T and 1 − 2−t/T respectively. This intuitively clear
outcome is in no way trivial. On the quantum side, we can always introduce an
observable, which is a linear combination of other observables with real coefficients – there is nothing in the formalism to prohibit it. For example, we can build
an observable, which will have as one of its eigenstates the superposition given
by Eq. (1.5). Nevertheless, we evidently cannot build a classical apparatus, which
would measure such a “zombie” state of the poor animal. The set of admissible
classical states thus must impose some preferred set of bases on the Hilbert state
of our quantum system.
Is the description (1.5) of a hybrid micro/macro system justified at all? And, what
does precipitate the transition from the “live–dead” superposition to the “either–
or” classical picture? The proposed answers run the full philosophical gamut from
the many-worlds interpretation to the key role of the observer’s conscience in the
collapse. Instead of plunging into these fascinating ontological and epistemological
depths, we will take a pragmatic approach and see how far it will take us.
We will not make any special difference between the “measurement” or “observation” and the interaction of our quantum system with its macroscopic surroundings.

Gentlemen, we have outsourced all our planet-pushing activities
to Messrs Newton, Laplace & Associates.
From now on we concentrate on our core business: state collapsing.

AUTHORIZED
PERSONNEL
ONLY

Fig. 1.2. The canonical view of the quantum–classical transition.
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Indeed, explaining the “collapse” through the action of conscience would be exorcizing Asmodeus with Beelzebub’s help, since we currently understand the latter,
if anything, less than the former.
We will assume that on the fundamental level every system is governed (and
described) by the laws of quantum mechanics, of which classical mechanics is
a limiting case – in full agreement with Bohr’s correspondence principle. The
difference between “quantum” and “classical” systems must naturally emerge from
the formalism.4
1.2 Density matrix formalism
1.2.1 Justification and properties
The notion of the state vector is inadequate for our purposes, but it can be generalized
to the density matrix, or statistical operator, first introduced independently by
Landau and von Neumann in 1927. To make the motivation clear, let us start from a
quantum system, which consists of two subsystems, A and B, which we can measure
independently. Suppose, for example, that we have two particles with spin /2, and
have an apparatus, which can measure the z-component of spin of either particle.
Let the system be in state

|AB =
Cj k |jA kB ,
(1.6)
j,k=↑,↓

which is obviously the most general form of such two-particle wave functions.
Now measure the spin of particle B. The corresponding observable is the operator
(/2)σz , such that (/2)σz | ↑ = /2| ↑, and (/2)σz | ↓ = −/2| ↓. The result
of the measurement can then be written as

spin B = /2, | ↑A , probability|C↑↑ |2 ;



spin B = /2, | ↓A , probability|C↓↑ |2 ;
|AB →
(1.7)
spin B = −/2, | ↑A , probability|C↑↓ |2 ;



spin B = −/2, | ↓A , probability|C↓↓ |2 .
If now we measure the spin of particle A, its average value will be


σz =
|C↑↑ |2 + |C↑↓ |2 − |C↓↑ |2 − |C↓↓ |2 .
2
2

(1.8)

The normalization of the initial state vector, |||AB ||2 = ij |Cij |2 = 1, ensures
that the probabilities of the outcomes of (1.7) add up to unity, so everything is fine,
4 We are encouraged by the emergence of time-irreversible Boltzmann equations from time-reversible Newtonian

dynamics of point-like particles.
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except that Eq. (1.7) is a very awkward way of dealing with even such a small
system. Just imagine we had three particles!
The situation improves once the state vector is replaced with the density matrix.
Let us choose a set of normalized, but not necessarily mutually orthogonal states
in the Hilbert space, {|j }, and write an operator
ρ=



pj |j  j |,

(1.9)

j

where pj ≥ 0, and j pj = 1. This obviously Hermitian operator can be interpreted
as describing a statistical ensemble of quantum systems, which can be in a state
|j  with probability pj . This is exactly the situation described by Eq. (1.7).
The convenience of using this operator becomes clear when calculating average
values of the observables. According to rule (3) of quantum mechanics, the measured value of an observable A is always one of the eigenvalues of A, and according
to rule (4), the probability of measuring a particular ak in state |j  is | ak |j |2 .
Therefore


| ak |j |2 ak =
j |ak ak ak |j 
Aj =
k

=



k



j |ak |ak  ak |j  = j |A

k




|ak  ak | |j  = j |A|j ,

k

(1.10)
a standard formula. Since now the system is in state |j  only with some probability
pj , we must average over these too, with the result
A =



pj Aj =



j

pj j |A|j  ≡ tr(ρA).

(1.11)

j

The system, described by a density matrix, is said to be in a mixed state, instead of
a pure state (when a single state vector suffices). One can write a density matrix
for a pure state: it will include only one component, ρpure = | |.
As a Hermitian operator, the density matrix has an orthonormal set of eigenstates,
|ρj , with corresponding eigenvalues, ρj . It can be, therefore, written in the spectral
representation,

ρj |ρj  ρj |.
(1.12)
ρ=
j

Since ρj can be interpreted as the probability of finding the system in state |ρj , all
ρj ≥ 0; in other words, the density matrix is positive semidefinite.

